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ABSTRACT

This document is a mathematically extended version of the paper “ General method for
deriving an XYZ tristimulus space exemplified by use of the Stiles-Burch g5 2° color
matching data” published in “Journal of the Optical Society of America A”, December
1999.

Using, as an example, the color-matching functions of the Stiles-Burch g5 2° pilot
group, we give a detailed account of how an XYZ representation of tristimulus space
can be developed from a given set of color-matching data. Specifically, we present a
set of criteriathat unequivocally defines the representation. The method outlined is
general and can be applied to any set of color-matching data, in particular those sets
that are related to the physiological fundamentals.

Key words:. colorimetry, XYZ representation, tristimulus space, chromaticity diagram.
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1. INTRODUCTION

Commission Internationale de I'Eclairage (CIE) has for some time been activein an
attempt to develop anew physiologically based system for colorimetry.* This attempt
rests on the idea that there exists alinear relationship between color-matching
functions (CMF' s) and the fundamental response curves of three types of
photoreceptor mechanisms — the physiological fundamentals.? In this respect, the
fundamental s can be regarded as a specia representation of CMF's. Psychophysical
experiments performed over the past 50 years show that no such connection can be
made with satisfactory precision on the basis of the current CIE, g3, standard
colorimetric observer®*,

The technical committee CIE TC 1-36 has considered using the Stiles-Burchygse
10° observer® (with some minor modifications) as its colorimetric database, because
these data represent a body of solid experimental material based exclusively on color
matching. With this basis one would like to derive, for the 2° and 10° visual fields, a
fundamental tristimulus space accompanied by (1) achromaticity diagram obtained by
aconical projection of the points of this space and (2) an equiluminant chromaticity
diagram constructed along the lines of Luther® and MacL eod and Boynton”®. However,
it isalso desirable to establish a connection to the existing CIE g3, XYZ System,
particularly for any set of 2° CMF sthat may be derived from the (slightly modified)
Stiles-Burch, g, 10° observer.’ Here we will present a general and detailed account of
how to design an XYZ representation given any set of CMF's. This exerciseis useful
for two main reasons. First, it has given us the opportunity to review the principles
behind the CIE,q3; colorimetric system. Thisreview has revealed some arbitrariness
in the criteriaused. Second, since practically all exact color specifications are given
in terms of chromaticity coordinates, it would be advantageous to make possible
comparisons of chromaticity coordinates of identical stimuli in diagramsthat differ
minimally.

In the course of thiswork, we discovered that not all the criteria defining the
ClE g3, XYZ tristimulus space were explicitly stated. Some conditions were hard to
tracein the literature, and one of these, in particular, was rather loosely formulated.
In arecapitulation of the considerations that led to the CIE, g3 XYZ system, we will
present the old criteria used by CIE and also introduce some additional constraints
to replace the more imprecise original formulations.

In our presentation we will use, as an example, the development of an XYZ
representation of the CMF's of the Stiles-Burch,gss 2° pilot group™®. We denote this



new representation the XY Z" tristimulus space, and we refer to the corresponding
chromaticity diagram asthe (x-, y) diagram. The diagram has already been used by
us in a comparison of the chromaticity differences that result from adopting different
sets of physiological fundamentals.™

2. THE CIE XYZ CONCEPT

A detailed outline of the considerations that led to the current CIE g3, XYZ System can
be found in the paper by Smith and Guild*? and in the review paper by Fairman et al.*®

The well-known main criteriamay be listed as follows:

1. All color stimuli are to have al non-negative tristimulus val ues.

2. Inthe chromaticity diagram the alychneisto be represented by aline coinciding
with the abscissa axis.

3. Thechromaticity coordinates of Illuminant E (the equal power spectrum) are to
equal 3 each.

In principle, there are many ways to ensure that criterion 1 is fulfilled.***> The
procedure actually followed in developing the CIE,q; standard was to choose the new
(virtual) primaries X, Y, and Z so that, in the chromaticity diagram of the CIE RGB
(red-green-blue) representation (referring to physical primaries) ***, their
chromaticity points define the vertices of atriangle that fully circumscribes the
spectrum locus.*

Criterion 2 requires that two of the primaries be represented on the alychne, with
the consequence that the CMF referring to the remaining primary is proportional to the
adopted spectral luminous efficiency function.***® In CIE's standard representation
this proportionality between the CMF y(A) and the CIE spectral luminous efficiency
function for photopic vision'® is restricted to identity — i.e., y(A) =V(A).

Criterion 3 implies that the CMF s must be normalized so that their integrals over
the spectrum are the same for al three functions.

Obvioudly, criteria 1-3 do not define a unique XYZ representation. 1n order to
unequivocally define the representation, additional constraints are necessary. Inthe
relevant publications these constraints concern the sides of the triangle that
circumscribes the spectrum locus in the RGB representation. For instance, regarding
the boundary connecting the chromaticity points of the primariesX and Y — the side
XY — Smith and Guild stated: **



“The side XY of the colour triangle [the circumscribing triangle] is made to pass
through R, the red terminus of the spectral locus.... To extend the number of zero
coordinates as far as possible, we make XY tangential to the spectral locusat R.”

Whereas the above criterion is quite precise, the conditions for determining the side YZ
are less accurate:

“The conditions are that it [side YZ] should pass the spectral locus at a reasonable
distance, and lie in a direction which give a favourable disposition of the spectral
locus within the triangle.”

3. CONCEPT OF THE NEW X'Y'Z" TRISTIMULUS SPACE

In designing a new colorimetric XYZ system, one may discuss which criteriaare
useful. In deriving an XYZ representation of the Stiles-Burch, g 2° pilot group, we
have made the decision to apply much the same principles as those used in developing
the CIE, g, Standard, but to state the requirements more precisely whenever necessary.
We have preferred an exact mathematical method, based partly on geometrical
considerations.
It should be emphasized, however, that this approach is only one of many possible
aternatives.

A vita point in our method regards the constraints imposed on the side YZ of the
circumscribing triangle, in which the Smith-Guild formulation above is replaced by
the requirement of minimum difference between the new (x-, y-) diagram and our

202 __ the Judd-Vos (x, y') diagram®?*. Moreover, on
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chosen reference diagram
the assumption that the S cone does not contribute to luminance, the spectral
luminous efficiency function defining the alychnein XY Z" space has been chosen
to equal alinear combination of the 2° fundamental L and M response curves (L and
M fundamentals) given by Stockman et al.** We denote this synthesized spectral
luminous efficiency function V' ().

Now, in order to comply with the CIE 1931 procedure, modified as outlined above,
we propose that the main steps in developing the new Stiles-Burchygss XY Z*

tristimulus space should be as follows:

1. Transformthe Judd-Vos (x', y') diagramtoan (r', g') diagram that (a) refers
to Wright primaries R', G', and B’ representing monochromatic stimuli of
wavelengths 700.0, 546.1, and 435.8 nm, respectively, and (b) has Illuminant E
represented at the point (1., g.) =(3. 3).



2. Transform the original Stiles-Burchygss (r°, 9°) diagram (referring to primaries
R, G, and B that represent unit radiance, monochromatic stimuli with
wave numbers 15500, 19000, and 22500 cm™, respectively) intoan (r*, g°)
diagram that (@) refersto Wright primaries R, G”, and B’ that represent
monochromatic stimuli of wavelengths 700.0, 546.1, and 435.8 nm,
respectively, and (b) has [lluminant E represented at the point

(re,9:)=G. 3) -

3. Inthe (r-, g’) diagram choose the chromaticity points for the new primaries
X", Y ,and Z° sothat the following criteria are fulfilled:

(i) Thechromaticity points of the primaries X", Y",and Z" definethe
vertices of atriangle that fully circumscribes the spectrum locus.

(if) The boundary connecting the chromaticity points of the primaries X and
Z" (the side XZ) coincides with the line representing the alychne as
defined relative to the synthesized V' (1) .

(iii) The boundary connecting the chromaticity points of the primaries X" and
Y’ (the side XY)

— hasthe same slope as the line connecting the chromaticity points of the
primaries X' and Y' inthe Judd-Vos (r', g') diagram.

— istangent to the spectrum locus in the long wavelength region (when
the locus is interpolated as outlined in Appendix D).

(iv) The shortest distance from the spectrum locus to the boundary connecting
the chromaticity points of the primaries Y and Z" (the side YZ) isequal
to the corresponding distance in the Judd-Vos (r', g') diagram (theloci
being interpolated as outlined in Appendix D).

(v) When the above criteria are obeyed, the mean Euclidean difference
between corresponding points on the spectrum loci inthe new (x-, y*)
diagram and the Judd-Vos (x', y') diagram is minimum according to a
|east-root-mean-square (RMS) criterion, calculated at 1-nm intervals.
(This criterion determines the slope of the side YZ inthe (r-, g') diagram.)

4. Fromthe r- and g coordinates of the primaries X", Y',and Z", derive anew
(x,y’) chromaticity diagram satisfying the criterion

(vi) Illuminant E is represented at the point (X, y:) = (3, 3).



5. Determinethe CMF's X' (A), y (L), and z'(A) under the constraint
(vii) y(M)=V'(L).

Criteria (i), (ii), and (vi), parallel CIE criterial, 2, and 3, respectively. Furthermore,
criteria (iii), (iv), and (v) are those that have been introduced to unequivocally define
the representation, thereby replacing the more imprecise formulations of Smith and
Guild™.

The remaining criterion, (vii), ensures that the final representation isin conformity
with CIE’ s standard by requiring that the choice of a common scaling factor for the
CMF s makes the CMF that refersto the Y primary identical to the adopted spectral
luminous efficiency function.

4. (r', g) CHROMATICITY DIAGRAM
OF THE JUDD-VOSMODIFIED 2° OBSERVER

Since the Judd-V os modified 2° observer®?* is considered a significant improvement
of the CIE,q,, Standard colorimetric observer®* we decided to use the Judd-Vos
(x',y') chromaticity diagram as areference in our work. Furthermore, in order to
follow as closely as possible the procedure adopted by CIE, we regarded it as
important to refer all geometric manipulations to a corresponding Judd-Vos (r', g')
diagram. Thisdiagram refersto Wright primaries R', G' and B' that represent
monochromatic stimuli of wavelengths 700.0, 546.1, and 435.8 nm, respectively, and
has Illuminant E represented at the point (r., g.) = (3, 3) . Sincethe Judd-Vos
modified 2° observer was obtained by simply adjusting the CIE,o;; CMF's X(A),
y(A), and z(A) directly, without reference back to an RGB representation, no such
(r', g') diagram was ever published. Being relevant for the work at hand, this
diagram therefore had to be derived separately.

For the Judd-V os modified 2° observer, let

- R, (j=1 2 3) denotetheprimaries R, G', and B' of the RGB representation,

—A; (J=1 2, 3) denotethe wavelengths of the monochromatic stimuli
represented by the primaries R (j =1, 2, 3) of the RGB representation;

— i (=12 3) denote the chromaticity coordinates ry, g, and by, of a
stimulus Q in RGB representation;

—-%x (1) (i=1 2, 3) denotetheCMF's x' (1), ¥ (A),and z (1) inthe XYZ

representation;



—Xx, (i=1 2, 3) denotethe spectra tristimulusvalues X, , y, , and z, of a
stimulus of wavelength A in XYZ representation;
— Xo (i1=12,3) denote the chromaticity coordinates x,, ¥, and %, of a
stimulus Q in XYZ representation,
—X; (i,j =12, 3) denotethe chromaticity coordinates of the primaries R;
(=1 2, 3) inXYZrepresentation — i.e, X; = Xig, -
Then, according to Egs. (A.2) of Appendix A, using llluminant E as a normalization

stimulus, the projective transformation TX’,' from the chromaticity coordinates x,
(i=1 2, 3) tothenew chromaticity coordinates ri, (j =12, 3) is

3
r’ Z—J;X”R X;Q ' r;E XUR’ ;
Toi Te=% ", Xf=5-" (=123, D
Z‘XHR Xio ZX;} X e
l,i=1 p=1

with the coefficient x being the cofactor of element x; in the matrix (X;j)E(X;Rj) :
The matrix elementsx; = Xig (i,j=1 2,3 — i.e,thechromaticity coordinates of

the new primaries R; (j =1, 2, 3) intheoriginal Judd-Vos XYZ representation —

are given by the equations

X = (,i=1223). @)

When the spectral tristimulus values x, (i =1, 2, 3) are computed by interpolating
theCMF's x (A) (i=1, 2, 3)* asoutlined in Appendix D, the following coordinate
values are determined:

X, =X =0730100, X, =Y, =0269857, X, =2, = 0000043,
X, =Xy =0275117, X, =y, = 0716046, x, =2z, =0008837,  (3)

X, = Xy = 0169856, X, =y, =0017098, X, =2, = 0813046.

In the Judd-V os XYZ representation, the (x', y') diagram deviates from ideality in
having the chromaticity point of Illuminant E slightly displaced from the ideal point
1, 1). According to Vos tabulations*** the chromaticity coordinates of E are



X=X =033499, X, =y, =033618, X, =7 =032883. (4)

Regarding the new RGB representation, we are allowed to choose the chromaticity
coordinates of Illuminant E freely (within the above restrictions). Thus, we make
the representation ideal by placing its chromaticity point at exactly (3, 3) inthe new
(r', g) diagram, that is

) réEEgIE:%’ rf;EEblE:%' (5

Now, determining the coefficients xin' (i,j=1 2, 3) inthetransformation T,
[Egs. (1)] by means of the matrix elements x; (i,j =1 2, 3) [Egs. (2)], inserting
the values of the chromaticity coordinates x. (i=12,3) andric (j=123)
[Egs. (3) and (4)], and ultimately eliminating the coordinate x., = z, using the
relation z, =1- X, — Y, , the equations transforming the chromaticity coordinates
X, and y,, into new coordinates r, and g, read

4532604 x;, — 0682602y, — 0.758220
r' J—

°~ 1933206, - 0165284y, +1

(6)
— 0978903, + 2169755Y,, + 0129175

1933206, — 0165284y, +1

gy =

With X', Y',and Z' being the primaries of the XYZ representation, their
chromaticity pointsin the (x', y') diagram will necessarily be (X,., ¥,.) = (1 0),
(X, ¥,)=(0,1,and (X,,Y,)=(0, 0). When applying the above transformation,
the chromaticity coordinatesof X', Y',and Z' inthe new RGB representation turn
out to be

r, =1286778, g, =-0289693, b, =1-r}, — g, = 0002915,
r, =-1726122, ¢, =2754146, b, =1-r, — g, =-0028024, (7)

r, =-0.758220, ¢, =0129175, b, =1-r, — 0, =1629045 .

Figure 1A showsthe original Judd-Vos (x', y') diagram, and Fig. 1B showsthe
new (r', g') diagram. Both diagrams show (1) the chromaticity points (X'), (Y'),
and (Z') of theoriginal primaries X', Y',and Z'; (2) the chromaticity points (R),
(G),and (B) of thenew primaries R', G', and B' and (3) the chromaticity point
(E) of Illuminant E. Alsodrawnin Fig. 1B arethe straight lines L, L., and L,
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connecting the chromaticity points (X'), (Y'), and (Z') of theold primaries X', Y',
and Z'. Theinset diagramsto the left and right show magnifications of the two locus
segments framed in the main plot. The ordinates d; and d; of these blowups give the
Euclidean distances between the points on the locus segments and their respective
closest pointson thelines L, and L, (the spectrum locus being interpolated as
outlined in Appendix D).

Numerical analysis shows that the distance d; between L, — the YZ side of the
circumscribing triangle — and the locus point (D') closest to thelineis

d.,, = 0.020365. G)

The parameter value at (D) turnsout to be A, =504.046 nm , and accordingly,
(D) isgivenas (ry, gy ) = (-1.308762,1.681121) .

Regarding the line L connecting the points (X') and (Y') — the XY side of the
circumscribing triangle — itsslope &; is
o, = M =-1.010269 9)

re — I

In our development of an XYZ representation of the Stiles-Burch, g 2° pilot group,
the parameters d,y and ¢ play acentral rolein that their values are adopted for the
corresponding parameters that unequivocally determine the chromaticity coordinates
of the new primaries X", Y, and Z" inadiagram analogousto the (r', g') diagram
of Fig. 1B.

Figurel A: (X,y') chromaticity diagram of the Judd-Vos modified 2° observer. Filled circles

on the spectrum locus mark the chromaticity points (R'), (G'), and (B') of the new Wright
primaries. The chromaticity point ( E) of Illuminant E is positioned at (X, yg ) =(0.33499,0.33618) ,
i.e., dightly displaced from the ideal point (%% . B: (r',d') chromaticity diagram of the Judd-Vos
modified 2° observer resulting from transformation Txr/ [Egs. (6)]. Thediagram refersto Wright
primaries R', G', and B' representing monochromatic stimuli of wavelengths 700.0, 546.1, and 435.8
nm, normalized so that the chromaticity point (E) of Illuminant Eispositioned at (rz,g%) =(3.3) -
Lines L;, L, and L; (dashed) constitute a circumscribing triangle with vertices at the chromaticity
points (X'), (Y'),and (Z') of theold primaries. Ordinates d; and d3 of the inset magnifications
give the Euclidean distances between the points on the locus segments (framed) and their respective
closest pointson thelines L, and L. Point (D') marks the locus point of shortest distance to line

LY. Line L3 intersectsthe abscissa axisin point (P).
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5 (r, g) CHROMATICITY DIAGRAM
OF THE STILES-BURCH 455 2° PILOT GROUP

The original tabulations of the Stiles-Burch,gss 2° pilot group®*! are givenin an RGB
representation, referring to primaries R*, G, and B that represent monochromatic
stimuli of unit radiance and wave numbers 15500, 19000, and 22500 cm’™, respectively.
Initially, therefore, in order to develop the XYZ representation in compliance with the
CIE procedure, we transformed the (r*, ') diagram of the RGB representation into

an (r-, g) diagram analogousto the (r, g) diagram in the RGB representation of the
CIE g3 standard colorimetric observer. In doing this, much the same steps were
followed asin the derivation of the Judd-Vos (r', g') diagram.

For the Stiles-Burch, g5 2° pilot group, let
—R; (=1 2, 3) denotetheprimaries R, G, and B’ of the RGB representation;

—X; (j=1 2, 3) denote the wavelengths of the monochromatic stimuli

represented by the primaries R; (j =1, 2, 3) of the RGB representation;

— I, (=12 3) denotethe chromaticity coordinates r and b, of a

o1 9o
stimulus Q in RGB representation;

—£'(A) (i=12 3) denotetheCMF'sf (L), §(\),and b (A) inthe RGB
representation;

—f, (i=12 3) denotethe spectral tristimulusvalues r,, . ,and b, of a
stimulus of wavelength A in RGB representation;

—rs (1=12,3) denotethe chromaticity coordinates r , g, and 6(; of astimulus
QinRGB representation;

—r; (i,J =12, 3) denotethe chromaticity coordinates of the primaries R;
(j=12,3) in RGB representation — i.e, f; = .

Then, it follows from Egs. (A.2) of Appendix A, that by using Illuminant E as

normalization stimulus, the projective transformation from the original chromaticity

coordinates f, (=1 2, 3) tochromaticity coordinates ri, (j =1 2, 3) is

3
-
Tt To=73% Ry = (1=123), (10)
P 25t
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with the coefficient 2 being the cofactor of element r; in the matrix (r”?) = (r”;,).

The matrix elements f; = £ (i,] =1 2, 3) — i.e. the chromaticity coordinates of the
new primaries R; (j =1, 2, 3) intheoriginal Stiles-Burch RGB representation —
are given by the equations

(.j=1273) . (11)

When the spectral tristimulus values are computed by interpolating the 1-nm
tabulations of the CMF's £ (A) (i =1, 2, 3)* in the manner outlined in Appendix D,
the following coordinate values are determined:

r;, = fr =1008820, f; = 0, =-0009413, r; = b, = 0000593,

f,, =, =0379787, r;, =@, =0628741, r;,=h, =-0008528, (12)

12

f,,=r; =0032081, r; = ¢, =-0016113, b, = 0984032 .

Inthe RGB representation — referring to primaries that represent unit radiance
reference stimuli — the chromaticity coordinates of Illuminant E are not explicitly
given as part of the representation criteria. Thus, the coordinates ;. (i =1, 2, 3)
embodied in the transformation T,- [Egs. (10)] have to be computed by means of
the equations

Tor;(x)dx
BT T (i=1273). (13)
> [ H o

390

fr =

iE

When, in compliance with the CIE recommendations®>*®

, theintegrands f. (1)
(i=1 2, 3) aretaken asthe continuous functions obtained by piecewise third order
polynomial interpolation of the Stiles-Burch 1-nm tabulations™, the values determined

are

fi =f; =0579468, f,. =0; = 0265210, f; =bh, =0155322. (14)
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In the RGB representation of the Stiles-Burch,gss 2° pilot group, the chromaticity
coordinates of Illuminant E are assigned the same values as in the RGB representations
of the CIE,q;, standard colorimetric observer and the Judd-V os modified 2° observer, i.e.,

re=%, re=gi=3, rp=bi=3. (15)

I E

1E

Calculations analogous to those applied in the derivation of Egs. (6) now give the
following transformation equations from Stiles and Burch’s original chromaticity

coordinates r; and g, to the new chromaticity coordinates r; and g;:

0403966 ;, — 0217818 g;, — 0016470
r =

®  -0607510r; - 06350540, +1

(16)
— 0003951, + 0575889 ¢, +0.009406
~ 06075101, — 0635054, +1

O =

In particular, since (r, §,) = (1 0), (f;, 9;)=(0,1), and (fé'., g'é.) =(0,0),
employing the above transformation equations shows that in the new RGB
representation of the Stiles-Burchygss 2° pilot group the chromaticity coordinates of
the original primaries are

r. =0987276, g, = 0013398, 1-r. -9, =-0001174,

b
r.. =-0641980, g.. =1603785, b =1-r. -g. =0038195, (17)
G G G G G

b

r.. =-0016470, g.. =0.009406, B =1- re—9gg = 1007064 .

Figure2 A: (f*,§°) chromaticity diagram of the Stiles-Burch;gs5 2° pilot group. The diagram refers
to primaries R*, G*, and B’ representing unit radiance, monochromatic stimuli with wave numbers
15500, 19000, and 22500 cm™. Filled circles on the spectrum locus mark the chromaticity points (R’) ,
(G"),and (B") of the new Wright primaries. The chromaticity point (E) of llluminant E is
positioned at (¢ ,d¢ ) = (0.579468,0.265210) . B: (r*,g") chromaticity diagram of the Stiles-Burch, g
2° pilot group resulting from transformation 'I'rr [Egs. (16)]. Thediagram refersto Wright primaries
R, G",and B’ representing monochromatic stimuli of wavelengths 700.0, 546.1, and 435.8 nm,
normalized so that the chromaticity point ( E) of Illuminant E ispositioned at (r¢ ,g9¢ ) =(,3) .
Filled squares on the spectrum locus mark the chromaticity points (R'), (G'), and (B) of the

original Stiles-Burch primaries (joined by dashed lines).
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Figure 2A showstheorigina (r°, g°) chromaticity diagram of the Stiles-Burch,gss
2° pilot group, and Fig. 2B showsthe (r-, g') diagram resulting from transformation
equations (16). In both diagrams are shown (1) the chromaticity points (R), (G),
and (B") of the original primaries R, G, and B’, (2) the chromaticity points (R’),
(G),and (B’) of thenew primaries R, G", and B" and (3) the chromaticity point
(E) of llluminant E.

6. CIRCUMSCRIPTION OF THE
SPECTRUM LOCUSIN THE (r*, g") DIAGRAM

According to the concept of the XY "Z" tristimulus space, in the corresponding
(r-, g) diagram the triangle with vertices at the chromaticity points of the primaries
X", Y",and Z" must fully circumscribe the spectrum locus. The lines making up the

triangle are denoted as follows:

— line connecting the chromaticity points of the primaries Y and Z" (YZline): L;;
— line connecting the chromaticity points of the primaries X and Z* (XZline): L;;
— line connecting the chromaticity points of the primaries X and Y (XY line): L;.

6.1. XZLine, L, (The AlychneLine)

The XZ line L, connecting the chromaticity points of the primaries X™ and Z*

was taken as the line representing the alychne as defined by the synthesized spectral
luminous efficiency function V' (A). Asaready mentioned, this function equals a
linear combination of the 2° L and M fundamentals of Stockman et al.® Thus, if
L'(A) and M "(A) denote these fundamentals we have

V'(A)=c L(A)+c, M (A). (18)

The functions L' (A) and M "(A) aregiven aslinear combinations of the CMF's of the
Stiles-Burch,gss 2° pilot group; that is,

L'(A) = 23: a; F. M\, M'(A) = 23: Ay F. ). (19)

If we substitute L' (A) and M "(A) in Eq. (18), the equation for V' (L) takesthe form

V)= (6, +0,a,) ). (20)
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Since, by definition, the luminosities (as defined relative to V' (1) ) of the stimuli
represented on the alychne (referring to V' (1)) are all zero, Eq. (20) implies that the
lineintheoriginal (r', ') diagram representing this alychne (the alychneline) is
given by the equation

23: (cLa; +cyay)f =0. (21)

i=1

Substituting " (i =1, 2, 3) using theinverse of Egs. (10) — i.e., the transformation

ZRTI rl f- r?

T =5 Ri=5—"— (=129, (22)
ZRTI. fi i Fe
=1 p=1

with the coefficient % being the cofactor of element r;; in the matrix (r]fi ) = (rj'ﬁi.)
— the equation of the alychneline L, inthenew (r-, g°) diagramis determined.
(Since the above transformation is a mapping of aline, indices Q are dropped in the
transformation variables.) The equation reads

3 £ pf
B, v el
Z(CLaLi+CMaMi)Rji r; =0, Rji=3|7“ 2
i,j=1 R r ' ( 3)
T 1 e
p=1

| '30

According to the paper of Stockman et al.™, the values of the coefficients

a, (i=12,3) anda,, (i=12 3) ae

a,, =0214808, a, ,=0.751035, a, , = 0045156,
(24)
a,, =0022882, a,,=0940534, a,,=0076827.
To further comply with the work of Stockman et al.*°, we decided to adopt their

proposals for the values of the coefficients ¢, and ¢y, aso, i.e, 3

¢, =0682882, c, = 0352429 . (25)

When first inserting the above values [Egs. (24) and (25)] and the values of the
chromaticity coordinates f. (i=12,3) and ri. (j =1 2, 3) [Egs. (14) and (15)]
into Egs. (23), then determining of the cofactors »§ (i, ] =1 2, 3) by meansof the
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matrix elements r; (i, j =1 2, 3) [Egs. (17)], and ultimately eliminating the
coordinate r; = b using therelation b° = 1-r- - g-, the equation of theline L, inthe
(r-, g) diagram representing the alychne turns out to be

L, g=or+3, o =-0212634, [, =-0.031615. (26)
Thelineisshown in Fig. 3A.

6.2. XY line, L

In conformity with the CIE concept, the XY line was drawn tangential to the spectrum
locus in the long-wavelength region. Asthefirst step, a set of interpolation functions
for the spectral chromaticity coordinates in the RGB representation were determined
following the procedure outlined in Appendix D. Then, with a continuous parametric
representation of the spectrum locusinthe (r-, g-) diagram at hand, aline of slope
o; equal to the dlope of the corresponding line in the Judd-Vos (r', g') diagram, i.e.,

o = oy =—1.010269, 27)

was made tangent to the spectrum locus at one single point (T") . The resulting XY
line, L, isshowninFig. 3A. Theinset to the right shows a magnification of the long-
wavelength region of the spectrum locus. Here the ordinate d; isthe Euclidean
distance between the points on the locus segment and their respective closest points
on L;. The blowup shows that compared with the XY lines in the anal ogous Judd-V os
(r',g) and CIE g (r, g) diagrams, the lineL; is shifted dlightly to theright. This
parallel shift is dueto asmall convexity in the long-wavel ength region of the spectrum
locusinthe (r-, g) diagram, aconvexity not present in the other two diagrams. An
alternative procedure would have been to smooth the color matching data of the red
flank of the spectrum before drawing the tangent line. However, not knowing whether
the convexity reflects some significant physiological mechanism, such as rod
intruision® or other influences, we decided to keep the data unchanged.

By means of numerical calculations, the tangent point (T) between the XY lineL;
and the spectrum locus is determined to be (r;., g;.) = (0.979429, 0.021946) , which
corresponds to the parameter value A;. = 637.849 nm. Combined with the value of ¢,
thisimplies that the equation of the chosen XY lineis

Ly g =ogr +f, o=-1010269, A =1011432. (28)
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The point (P’) of intersection between L; and the abscissa axis turns out to be

(rs., 95.) = (1001152, 0) . In comparison, the corresponding points in the Judd-Vos
(r',g) and CIE o5 (r, g) diagramsare (r,, ¢;) = (1000029, 0) and (r,, g,)=(1 O,
respectively.

6.3. YZline, L
As aready mentioned, the criteriaimposed on the YZ line are the following:

— Thedistance d,,. from the closest point (D") on the spectrum locus (the locus
being interpolated as outlined in Appendix D) isto equal the corresponding
distance in the Judd-Vos (r', g') diagram; that is,

d;,. = dp = 0.020365. (29)

— The slope of the line isto be adjusted so that the vertices of the resulting
circumscribing triangle define the chromaticity points of new primaries X°,
Y ,and Z" providing the basisfor an (x-, y') diagram whose spectrum
locus differs as little as possible from the spectrum locus in the Judd-V os
(x',y') diagram.

To be specific, the latter criterion requires that the Euclidean difference between the
two spectrum loci be minimum according to aleast-RMS criterion, calculated at
1-nmintervals.

If we assume that none of thelines L;, L,,and L; inthe (r-, g°) diagram are
parallel to the ordinate axis, it follows from Egs. (C.2) and (C.4) of Appendix C that,
by once again using Illuminant E as a normalization stimulus, the transformation T,
from the chromaticity coordinates r; and g, to the new chromaticity coordinates
Xio (k=12,3) canbeexpressed by the equations

a&r@—ggﬁﬂk

X
, “ o —g: + 5, B
Xig = (k=1273) . (30)
3 o re =95+ 5,
Z X
o ot -+,

The coefficient ¢, isheretheslopeof L and the coefficient 4 the ordinate at the
point of intersection between L, and the ordinate axis. In the case of monochromatic
stimuli, theindex Q is replaced by A, and the resulting symbols x;, (k=12,3), r;
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and g; then denote the chromaticity coordinates of a monochromatic stimulus of the
wavel ength specified.

Regarding the slope of the YZ ling, this can be expressed as a function of the wave-
length parameter A . at thelocus point (D") of shortest distanceto theline. The

function is®

d
(9 (M)]
d\ A=ho-

a(h,.) = (31)

Lo

A=Ag:

Here r-(A) and g'(A) arethe spectral chromaticity coordinate functions derived as
outlined in Appendix D. Given the shortest distance d,,. fromthe YZ lineto the
spectrum locus, it then follows that the ordinate at the point of intersection between
thisline and the ordinate axisis expressed as afunction of A . by the equation

Bihy) =9, (Ap) — o (Ap) 1 (Ap ) — dip. s (Ap ) +1 . (32)

When calculated for every nanometer, the RM S of the Euclidean difference between
the spectrum locus of the new (x-, y*) diagram and that of the Judd-Vos (x', y')
diagram (the reference diagram) isinterpreted as

RMS:JSil > Y, -x )2, (33)

with 341=730-390+1 being the number of tabulated valuesin the 1-nm tabulations
of the Stiles-Burch,ess 2° pilot group™. Thus, the least RMS criterion outlined above is
fulfilled when the wavelength parameter A . at the locus point (D") of shortest

distance to the YZ line minimizes the function

ot -9, + 5,

o ®, 2 ot —g.+ B
A(?\,D.)_ Z z ; kO:r._E . +|<ﬁ.
A=390 k=1 z . =0, m

E . . . .
m=1 amrE_gE-i_ﬁm

kE

~ X, (34)

a;=a; (k)

B, =B, (Ao)
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After

(2) ensuring normalization of the new XYZ representation according to CIE’s
criterion by assigning to the coordinates x;. (k =1, 2, 3) the values

. .1 S | . 5 _ 1.
X = Xg =3, Xe=Ye =3, Xog =24 =3, (35)

(2) inserting thevaluesof r: , gz , oy (k=2,3) , & (k=2,3) , and d,;.
[Egs. (15), (26), (28), and (29)];

(3) computing interpolated values for the coordinates x,, (A =390 nm, 391 nm,
ey 130NM) (k=1 2) intheway outlined in Appendix D;

(4) using the Egs. (16) (with index Q replaced by A) to determine the coordinates
r, and g; (A =390 nm, 391 nm, ...., 730 nm) from the 1-nm tabulations of
the Stiles-Burchyess 2° pilot group **;

numerical minimization showsthat A(A ) isminimumat A, . =501662nm,
implying that (D) isgivenas (r;., 9;,.) = (—1398789, 1788181) . The corresponding
least-RM S valueis RMS,;,, = 0.021411.

If o denotes the slope of the optimized YZ line L, and A denotes the ordinate
of itsintersection with the ordinate axis, the two are given as «; = &; (Ap- ) and
B =B1 (Ao min) - Thus, calculating the function values, L; is shown to be given by
the equation

L: g=or+8, o=-2620242, [ =-1946861. (36)

Thelineisshown in Fig. 3A. Intheinset to the left, showing a magnification of the
spectrum locusin the vicinity of (D"), the ordinate d, isthe Euclidean distance
between the points on the locus segment and their respective closest pointson L .

6.4. Optimized Circumscribing Triangle

Giventhat thelines L, (k=1 2, 3) constituting the optimized circumscribing
triangle are known, the coordinates of its vertices— i.e. the chromaticity coordinates

r =ry, and r; =g, of thenew primaries X, (k=1 2 3) — aregiven by the

eguations

fi-5, o B~ a; B,
G g W g g (k=123 and i#jzk=i). (37)
i j [ J

On insertion of the values given in Egs. (26), (28), and (36) the coordinates turn out to be
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r,="r,.=1307675, r; =g;,. =-0309671, r; =b

11 31 X

=1-r,

X

- g;. = 0001996,

M

r,. =—-1827264, r;, = ¢, = 2857460, r;,=h,. =1-r;.-g;, =-0030196, (38)

2 32

M3

;. =—0792535, r;, = g, = 0136905, r;=b, =1-r; —g; =1655630 .

Since the vertices of the circumscribing triangle define the chromaticity points of the
new primaries, they arelabeled (X*), (Y'),and (Z') inFig. 3A.

7. (X', y') CHROMATICITY DIAGRAM
OF THE STILES-BURCH 455 2° PILOT GROUP

With the circumscribing triangle thus established, the derivation of the new (x-, y°)
diagram is now straightforward. According to Eq. (A3) of Appendix A, the
transformation from chromaticity coordinates r;, (j =1 2, 3) to chromaticity
coordinates X, (k=1 2, 3) is

3
ZR?UJ’Q Xig 1%

T Xe= b, Rz, (k=129 (39
> Rl D Tite
m,j=1 u=1

with rj being the cofactor of element r;, in the matrix r;, = (rj'x. ) When first
determining the cofactors rj, (j, k=1 2, 3) by means of the matrix elements r;,

(J, k=12, 3) [Egs. (38)], theninserting the values of the chromaticity coordinates r
(j=123) and x;c (k=1 2, 3) [Egs. (15) and (35)], and ultimately eliminating the

Figure3 A: (r-,g-) chromaticity diagram of the Stiles-Burch;gs5 2° pilot group (same as the diagram
of Figure 2B) withlines L}, L,, and L; (dashed) constituting a circumscribing triangle with vertices
corresponding to the chromaticity points (X ), (Y"),and (Z*) of the new primaries X", Y", and
Z". Ordinates d; and d; of theinset magnifications give the Euclidean distances between the points
on the locus segments (framed) and their respective closest pointson thelines L; and L;. Point (D")
marks the locus point of shortest distancetoline L;. Line L; istangent to the spectrum locus at point
(T") and intersectsthe abscissaaxisin (P") . B: (x*,y) chromaticity diagram of the Stiles-Burch;gss
2° pilot group resulting from transformation T, [Eqs. (40)]. Filled circles on the spectrum locus mark
the chromaticity points (R"), (G*),and (B") of the Wright primaries underlying the (r-,g-)
diagram. The chromaticity point ( E) of llluminant E is positioned at (X¢, Yz) =(5.3) -
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coordinate r;, = b, usingtherelation b, = 1-r; - g;,, the equations transforming the
chromaticity coordinates r;, and g;, into new coordinates x; and Y, turn out to be*’

_ 0.228051r; +0.086736 g;, +0.163864

X-
© —0.448711r; —0.087153g;, +1
(40)
01335801, + 0628216 g, + 0.019861
Yo = _oa4s711r, - 0087153, + 1
In particular, since (r;., g..)=(10), (r;., 95.)=(0,1),and (r;., g;.) = (0, 0),
employing the above transformation equations shows that in the final XYZ
representation of the Stiles-Burchygss 2° pilot group, the chromaticity coordinates
of the Wright primaries R*, G*, and B" are:
X,.=0719976, vy, =0278331, 1z, =1-x.. -y, =0001693,
X;. = 0280003, y..=0709951, z . =1-x.. -y, =0010046, (41)

;. =0168864, y..=0019861, =z =1-x . -y.. =0811275.

The concept of the circumscription of the spectrum locusinthe (r-, g') diagramis
sketched in Figure 3A, and the (x, y*) diagram resulting from the transformation Egs.
(40) isshown in Figure 3B. Plotted in both diagrams are (1) the chromaticity points
(R), (G"),and (B") of the Wright primaries R, G", and B"; (2) the chromaticity
points (X"), (Y),and (Z") of thennew primaries X', Y',and Z" and (3) the
chromaticity point (E) of Illuminant E.

8. COMPOSITE TRANSFORMATION EQUATIONS

Now that the new (x-, y*) diagram has been created with the help of an intermediate
(r, g) diagram, what remainsisto determine the direct-route transformation from
chromaticity coordinates ri; (i =12 3) inthe Stiles-Burch origina RGB representation

into chromaticity coordinates X, (k=1 2, 3) inthe new XYZ representation. According

to Egs. (B.11) of Appendix B, this composite transformation, T, = T, o T, isgiven as

3
ZR):(k r|Q 3 r-x PR pX

R I (T
2Rt ST ) (Fe )

n,i=1 p”u:]_
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When first determining the values of the cofactors #§ (i,j=1 2, 3) and rj

(j, k=1 2, 3) (seeprevious sections), then inserting the values of the chromaticity
coordinates of Illuminant E in the three representations in question [Egs. (14), (15),
and (35)], and ultimately eliminating the coordinate X3, = z, using the relation

Z5 =1- X5 — Yo, thefinal equations transforming the chromaticity coordinates r,
and g, into the new coordinates x;, and y;, turn out to be:

— 0010734 £; — 0106262 g;, + 0164841
X, = ,
? — 0783283, — 0583672 G;, +1

(43)

0039157 r;, + 0.317985 g, + 0023416
Yo = -
Y -0783283r; - 05836724, + 1

For completeness, we also calculate the inverse equations. These are

.. _ 443553255, + 13440336y, — 73430328
Q@ 302544303x; + 102.938188y,+ 1 '

(44)
— 76.898538 x;, + 158.326203y;, + 8.968607
%0 = 302544303 x;, + 102.938188y; + 1

Since (fﬁ'., g'ﬁ) =(1 0), (rci;., gé.) =(0,2, and (ré., g'g) = (0, 0), employing the
transformation Egs. (43) shows that in the new XYZ representation of the Stiles-
Burch,ess 2° pilot group, the chromaticity coordinates of the original primaries R,

G ,and B are
x..=0711098, y.. =0288731, z. =1-x_.-y. =0000171,
R R R R R
X, = 0140704, Y, = 0820029, z. =1l-x.-y. = 0.039267, (45)
X = 0164841, y. =0023416, 2z =1-x -y, =0811743.
Likewise, giventhat (x;.,y;.)=(L 0), (X,.,¥;.)=(0, 1, (x.,y;.)=(0, 0), the

chromaticity coordinates of the new primaries X", Y, and Z" in Stilesand Burch’'s
original RGB representation are determined to be
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.. =1219337, 9, =-0223789, b . =0004452,
f, =-0577170, ¢, =1609561, b,. = —0.032391, (46)
f, =-73.430328, ¢ =8968607, b,. = 65461721.

Because of the rather remote |ocation of the chromaticity point (., 9,.) of the
primary Z", afigure showing the circumscription of the spectrum locus in the original
(r, ¢') diagram has not been included.

At this point, the only task left for a complete description of the new XYZ
representation of the Stiles-Burch 455 2° pilot group is the derivation of the linear
transformation T that transform the CMF’ s of the original RGB representation into
aset of CMF sreferring to the new primaries X", Y',and Z". According to Egs.
(B.10) of Appendix B, T;' is expressed in the form of a composite transformation as

follows:

< r x* . 3 AXE RS
TF' =T. 0o T : XkO\«):K'ZRik f (7\‘)’
i=1

. (47)
R=Y UeXe) BP0 k=129,
= Z].(AR.IDM() (pr rﬂE)

To determine the common factor x, an additional criterion isrequired, and in order to
comply with the existing CIE standard the criterion imposed is y*(A) = x,(M)=V'(A).
Together with Eg. (20) the above equation with index k =2 then gives

2 (cay +,3,) (M) = k2 RET(, (49)

from which it follows that

ca. +cCc, a,
k=8 _MM g2 3 (49)

i2
(sincethe CMF's £'(A) (k=1 2, 3) arelinearly independent).
Substituting x in transformation Egs. (47) and subsequently inserting the values of
the relevant cofactors (the same as in Egs. (10) and (40)), coefficients [Egs. (24) and
(25)] and chromaticity coordinates of Illuminant E [Egs. (14), (15) and (35)], the matrix

equation that transformsthe CMF's £'(A) = (1), §'(A) =f, () ,and b (A) =, (1) in
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Stiles-Burch’s original RGB representation into CMF's x'(A)= X (L), y (M) =X, (M),
and z'(A)= Xx;(A) defining the Stiles-Burch,gss XY "Z" tristimulus space turns out to be

X (L)) (0381130 0144873 0407677)|f (L)
y' (M) | =| 0154753 0844339 0057912(| §' (M) | . (50)
z'(hv)) 0000091 0040433 2007571 (b ()

The CMF sresulting from this transformation are plotted in Fig. 4A. For comparison,
the CMF's X' (L), ¥ (A), and Z (A) that definethe Judd-Vos X'Y'Z" tristimulus
space (the reference system) are shown in Fig. 4B.

A Stiles-Burch 1955 2° pilot group

Tristimulus value

400 450 500 550 600 650 700
Wavelength [nm]

A Judd-Vos modified 2° observer

20+ B

Tristimulus value
o o
=

=
W
T

400 450 500 550 600 650 700
Wavelength [nm]

Figure 4 A: Color-matching functions defining the new Stiles-Burchygss XY *Z" tristimulus space.
B: Color-matching functions defining the Judd-Vos X'Y'Z' tristimulus space.
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9. DISCUSSION

Due to certain shortcomings of the CIE,q,; standard colorimetric system®**, the CIE
technical committee TC 1-36 has been engaged in developing a new physiologically
based colorimetric system.* Although this new system in principle need not be
accompanied by an XYZ representation, it will certainly be advantageous to prepare
for comparison with the old standard by bringing forth a representation similar to the
well established XYZ systems.”

With thisin mind, the present work describes a general and precise method for the
derivation of XYZ representations. Since, in developing the CIE;q;; XYZ system, some
of the criteriawere rather loosely formulated, the main goal here has been to make
explicit aset of criteriawhich (1) appliesto any set of color matching data and (2)
unequivocally define an XYZ representation. To avoid ambiguity, some additional
criteria had to be implemented. We have chosen to relate these criteriato the
geometrical properties of atriangle circumscribing the spectrum locusin the
chromaticity diagram of an intermediate RGB representation (based on Wright
primaries representing monochromatic stimuli of wavelengths 700.0, 546.5, and
435.8 nm). In particular, one of the criteriaimposed by usis that the spectrum locus
in the chromaticity diagram of the new XYZ representation isto deviate as little as
possible from the spectrum locusin the (X', y') diagram of the Judd-V os modified 2°
observer'®?°, This database has been invaluable to color scientists for several decades.

To illustrate our method, we have on the preceding pages derived a Stiles-Burch,gss
XY*'Z" tristimulus space and a corresponding (x-, y*) diagram. The difference
between the latter and the (x', y') diagram of Judd-Vosisillustrated in Fig. 5 where
the spectrum loci are displayed in ajoint coordinate system having double-labeled

axes. In the inset diagram, the Euclidean distances s, = \/ (x: =x)2+(y; —y.)?

between pairs of corresponding points are displayed as a function of the wavelength
parameter A. As seen from the inset, the most pronounced discrepancies between the
two diagrams are found for parameter values between approximately 470 and 515 nm.
The main plot shows that in this region the displacement vectors are directed roughly
along the spectrum loci. Since the chromaticity point of [lluminant E is nearly the
same in the two diagrams, the displacement vectors will become shorter as purity
decreases toward the white point.
The above discrepancies have their origin predominantly in real differences between

the color matches determined by the two groups of observers. Thisis apparent
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Figure5 Joint plot displaying the spectrum locus of the new Stiles-Burch (x*,y*) diagram (solid
curve) together with the spectrum locus of the Judd-Vos (X', y') diagram used as reference (dashed

curve). The corresponding two coordinate points of [lluminant E are shown to be dightly separated. In
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Judd-Vos modified 2° observer (dashed curve).
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from a comparison of their complementary wavelengths (by necessity, reflecting
characteristics of the observer groups and not of the representations). Asshown in
Fig. 6, for the Judd-V os modified 2° observer the monochromatic stimuli from the
long-wavelength flank of the spectrum are complementary to monochromatic stimuli
of wavelengths up to between 493 and 494 nm (by calculation 493.67 nm), whereas
for the Stiles-Burch,ess 2° pilot group the corresponding wavel engths are shorter and
limited upward to just above 490 nm (by calculation 490.36 nm).

With regard to the CMF s derived by our method, a comment is needed on the
shapeof y'(A). AsseenfromthegraphinFig. 4A, y (L) isnot as smooth asthe
corresponding function y' (A) of Fig. 4B. Inour procedure thereisno way of
avoiding this since, on combining the L and M fundamentals of Stockman et al.*
so that the result resembles the spectral luminous efficiency function, the function
y'(A) =V'()\) isthe curve obtained by adopting their proposed weighting factors
[Egs. (25)]. Even though these weighting factors may not be optimal, it nevertheless
turns out that a curve that (1) fits the Cl E,eg 2° spectral luminous efficiency function®
V,,(A) = ¥ (L) satisfactorily and (2) istotally free of irregularities cannot be
synthesized by any linear combination of the fundamental L and M response curves.

At this point we may recall Sperling’s finding that individual spectral luminous
efficiency functions for 2° fields, determined by flicker photometry, tend to show
bends that are quite similar to those of y*(1).* It may therefore be that the
irregularitiesof y*(A)=V'(A), which at first glance may be interpreted as artifacts,
actually reflect characteristics of the eye’ s luminous sensitivity that are apparent
neither from the averaged spectral luminous efficiency function V (A) of the CIE;g,
photometric observer'® nor from the CIE, g 2° spectral luminous efficiency function®
V,, (1) of the Judd-Vos modified 2° observer (the two functions being identical for
A >460). Taking into account the mixed origin of the 1924 V (), this may not be
unlikely.

Regarding the more general aspects of our presentation, purely geometrical
considerations motivated the requirement that in the chromaticity diagram of the
intermediate RGB representation the line connecting the chromaticity points of the
Xand Y primaries be tangent to the spectrum locus while having the same slope as the
corresponding line in achosen reference diagram. An aternative and somewhat
stricter criterion, which takes physiological considerations into account, isto require
that the CMF s that refersto the new Z primary be equal to the fundamental S
response curve (S fundamental). Inthe chromaticity diagram of the RGB
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representation, the XY lineis then fixed by this criterion alone. Moreover, since the
XZ lineis aready determined by the luminous efficiency function adopted, the
chromaticity point of the X-primary — i.e., the point of intersection between the XY
and the XZ line — isfixed aswell. Hence what remains will be to optimize the YZ
line by using the criterion of minimal deviation from the chosen reference diagram.
The advantage of introducing this alternative criterion isthat only the X primary has
no physiological correlate. (The CMF that refersto the Y primary will resemble the
spectral luminous efficiency function, traceable to magnocellular units in the visua
pathway. The CMF that refersto the Z primary will equal the S fundamental, which
derivesfrom S cones.) However, a condition that must be fulfilled for success with
this approach is that the S fundamental can be expressed as alinear combination of
the CMF s used as adatabase. Unfortunately, the 2° fundamental S response curve,
S'(L), of Stockman et al.* cannot, like their proposed L and M fundamentals
(L'(A) and M"(A)), be expressed as alinear combination of the CMF' s of the Stiles-
Burch,gss 2° pilot group. The S fundamental equals such a combination only in the
wavelength region up to 525 nm. Asa consequence of this lack of linear relationship,
protanopic and deuteranopic confusion points corresponding to the fundamental's of
Stockman et al. * are not properly defined in achromaticity diagram referring to the
Stiles-Burch,ggs 2° pilot group. Only the tritanopic confusion point (S') can be
determined precisely. For wavelengths longer than 525 nm, however, the values of
both the S fundamental S'(A) and the function S (A) obtained by extending the
range of the linear relationship to include the entire visible spectrum are quite small.

Therefore the chromaticity points (L;,) and (M

i) » representing the primaries that
the L and M fundamentals of Stockman et al. would be referring to if their S
fundamental been replaced by S, (L), can be taken as reasonable estimates of the
protanopic and had deuteranopic confusion points. The positionsof (L;,,) and (M)
inthenew (X', y') diagram are determined to be (XI'_I,m , yL;m) =(0.737988,0.262181)
and(x&/lt Y ) = (1.350806, —0.342893) . The tritanopic confusion point (S),
which |In con“tnrast to (L;,) and (M) isstrictly consistent with the fundamentals of
Stockman et al., islocated at (xg,,y's.) =(0.175618,0). Theloci of (L), (M},),
and (S')inthe (x', y) diagram are shown in Fig. 7. Thesolid linesmarked L' =0
and M" =0 and the dashed line marked S;;, = 0 represent the (virtual) stimuli for
which, respectively, the fundamental L , M and (approximate) S response — i.e.,
the tristimulus value referring respectively to the L , M and (slightly modified)

S fundamental of Stockman et al. — is zero.
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Figure7 The (x*,y*) chromaticity diagram of the Stiles-Burch;gss 2° pilot group showing (estimated)
locations of the dichromatic confusion points (filled circles). Point (S*) isthe tritanopic confusion
point as determined relative to the original cone fundamentals of Stockman et al.* Points (Lj,) and
(Min) represent the primaries that the L and M fundamentals of Stockman et al. would be referring to
if the domain of their S fundamental’s linear relationship to the CMF s of the Stiles-Burchygss 2° pilot
group were extended to include the entire visible spectrum. Thelinesmarked L' =0 and M" =0
(solid) and the line marked S;, =0 (dashed) represent the (virtual) stimuli for which respectively the

fundamental L , M and (approximate) S response is zero.

The drawback of imposing a criterion that ties up still another CMF (the one
referring to the Z primary) is that with this stricter constraint the correspondence
between the derived chromaticity diagram and the one used as reference will be
worsened. Therefore whether to impose this criterion becomes a question of
evaluating the benefits of improved physiological relevance relative to the
deterioration of conformity.

An aternative method based on minimization of the difference between the CMF' s
of the new XYZ representation and those of the chosen reference systemis discussed in
Refs. 21 and 22 (see also Ref. 20).
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APPENDICES

Appendix A: General Transformations (Formulation 1)
There exists an infinite number of colorimetrically equivalent representations of
tristimulus space, but often particular tasks may require specific representations.
In such cases, the adequate representations of the CMF s and the associated
chromaticity coordinates are obtained by means of linear and projective transformations,
respectively.

Let

=V, (j =12 3) denotethe primaries of the new representation (the new

— primaries);

— u(r) (1=12 3) denotethe CMF sin the old representation;

= V;(*) (=12 3) denotethe CMF'sin the new representation;

— U, (i=12, 3) denotethe chromaticity coordinates of astimulus Q in the old
representation;

— Vjo (] =1 2,3) denotethe chromaticity coordinates of a stimulus Q in the new
representation;

— U (i,j=1 2, 3) denotethe chromaticity coordinates of the new primaries
V; (j=1 2 3) intheoldrepresentation — i.e. u; = Uy, i,j=123);

— uy denote the cofactor of element u; in the matrix (u”)s (uivj) — i.e. the

matrix whose j ™ column consists of the chromaticity coordinates of the new
primary V; in the old representation.

If Nisastimulus whose chromaticity coordinates in the new representation satisfy
Vin #0 (j=12,3) (seeFigs. 8A-B), thetransformationsin question are given as
follows:
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Figure8 A: (u,u;) chromaticity diagram referring to primaries U; (i =1,2,3). The vertices of the solid
triangle define the chromaticity points of the primaries V; (j =1,2,3) chosen as basis for the new
representation. The normalization stimulus N must not be represented on any of the lines connecting the
chromaticity points of the new primaries, but apart from thisrestriction it can be chosen freely. (In
particular, N does not necessarily haveto bereal.) B: (vi,v,) chromaticity diagram resulting from
transformation T, . Because of the restrictions imposed on the choice of normalization stimulus, N will not
be represented on any of the lines connecting the points (1, 0), (O, 1), and (0, 0), i.e. the chromaticity points

of the underlying primaries V; (j =1,2,3).
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Transformation of color-matching functions (linear):

v - 2 AV Vv VjNU\ig
T vj(x):zc;U” un), U=

ij
i Upn (A1)

p=1

k#0 (j=1273)

Transformation of chromaticity coordinates (projective):

3
\
v ;Uij UIQ Y VJN ZMIJ
Ty Vig = ﬁ , Uj=—5——
\Y
LUt At 2
(j=1273)

The mutual scaling of the CMF s is determined exclusively by the chromaticity
coordinates of N in the two representations. The absolute scaling is achieved by also
determining the common factor x. Often this factor is given by acertain criterion
imposed on the sum of the three CMF s or smply on one of the functions alone.

(For instance, in transforming the RGB representation of the CIE 43, 2° observer into
the standard XYZ representation, x is given by the criterion y(A) =V (L))

The coefficients U”.V (i, j =1 2, 3) are(by acommon factor) proportional to the
cofactors of the corresponding elements U, of the matrix (U i ) = (U v, ) — i.e, the
matrix whose j ™ column consists of the tristimulus values Uy, (1=1273) ofthe
new primary V; in the old representation.

The reason for requiring that the chromaticity coordinates of stimulusN (the
normalization stimulus) areto satisfy v;y #0 (j =1 2, 3) isthat the transformation

isto be unequivocally defined. With regard to the chromaticity coordinatesin the old
3
representation, this same requirement impliesthatz U, #0 (j=1223).
p=1
In principle, the chromaticity of N can be chosen freely within thisrestriction. (In

particular, N does not necessarily have to be areal stimulus.) However, in most cases
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it will be convenient to let N equal one of the CIE standard illuminants (for instance

[Hluminant E) and further to make N constitute the basic stimulus of the new

representation by choosing v,y =3 (j =12 3).

Complete derivations of the above transformations are given elsewhere.*

Appendix B: Composite Transfor mations

Given the transformations (see Appendix A)

3 V.,
L= o X UiaM) . U= o7, 020 (j=1239);
- 2 Uy
p=1
3
Zl“[]i\j/ UiQ Y VJN U\l? .
T, VjQ::i’ Ui=5—— (i=123),
|Z_:1U\|/ Ug ; M\éj U
and
3 W, v
T W=7y, Vv, V=" 120 (k=1273);
= Z“’ﬂk"m
u=1
3
2.V Vig W W
T We=y V= (k=123),
ZYVJxViQ Z V\/lzvk V/JN
m,j=1 u=1

(B.1)

(B.2)

(B.3)

(B.4)

the transformationsfrom CMF's t (L) (i=1 2,3) toCMF's w, (L) (k=12,3)
and from chromaticity coordinates u, (i =1 2, 3) to chromaticity coordinates w,

(k=1 2, 3) arederived asfollows:

3 3 3
W(W)=7Y TRV (A) =7 W[a ZUuVui(x)]:

i=1 j=1 i=1

3 3
=orZ(ZUi,VW Jui M) (k=1273),

j=1\i=1

(B.5)
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(k=123). (B.6)

S Se k0 (k=123); (B.)

3
Z 'y Uy

T W(M—KZ G, U=

3
w
zUlk ulQ W, M\i/\li
T Wo="3% , Uy=—5——"— (k=1273), (B.8)
ZUl\;V u|Q z U\!/kqu
n,i=1 v=1
itis seen that
oT <
w V w
Ulk = ZUU TV]k
K j=l
3 v w,, v 3 v.w ) (@@v} oT
:a)z e e 5 K :a)z 3( W) (23 i) , a)=?¢0. (B.9)
DT DA R W M ICFPY
P u=l pu=l

Consequently, if T." and T," arethe compositions T, o T.” and T, o T,", these can be

expressed as follows:

(B.10)

3 . Vg W
vr=> Mo k%0 (k=1203);

>
i
X
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3
w \ w ;UI\I/(VUIQ
T, =T, oT,": Wyo =3 ,
W
Z_lUin uIQ
3 (VW) (v -
V., W u v,
UY(V:Z jN kN ij 7 jk (k:l2, 3) '

(U\,; V\ka) (upN V/IN)
1

I
T
>
5[ Mo

For simplicity, the proportionality factor «, originally embodied in the coefficient U7},
has been dropped here since the factor cancels out in the expression for w,,. To be
precise, thisimplies that in the transformation expressions (B.10) and (B.11) the
coefficients U, differ by the factor @ from their counterparts in the transformation

expressions (B.7) and (B.8).

Appendix C: General Transformations (Formulation 2)

Instead of expressing the transformations T,” and T, in terms of the chromaticity
coordinates of the new primaries in the old representation (see Appendix A), the
transformations can be expressed in terms of the equation coefficients of the linesin
the old chromaticity diagram connecting the chromaticity points of the new primaries.

Let L, bethelinethat connect the chromaticity points of the new primaries V, and
V; (i,j,k=123 and i#j=#k=i). Provided that

(1) L, isnot parallel to the ordinate axis, let

- o, (k=1 2,3) denotetheslopeof L,

— B (k=1 2,3) denotethe ordinate at the point of intersection between L,
and the ordinate axis,

(2) L, isnot parallel to the abscissa axis, let
- ¢, (k=1 2,3) denotetheinverse of theslopeof L,

— A& (k=1 2, 3) denote the abscissaat the point of intersection between L,
and the abscissa axis.

Furthermore, for any finite numbers K, >0 (k=1 2, 3) define

(o + B (A) + (B —Du,(A) + B, us(A) for ‘ak‘ <Ky
(B~ 0,09+ (@ + BI00)+ .00 for /<.

k

#,(\) = (k=123 (C.1)
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and

@+ BIup+ (B —Dop+ Blp = GUs—W + 4. FOr o <K,

7 8 D = st o ] < (k=123). (C2)

In terms of the above definitions the transformations T, and T, of Appendix A now
read:

Transformation of color-matching functions (linear):

- Y
Toov@)=xU%0), U= T
« (C.3)
Kk#0 (k=1273) .
Transformation of chromaticity coordinates (projective):
TUVZ VkQ =—3U \k/ %kQ , kv = VA
z U \k/ %kQ %
n=1 (C.49)

(k=12 3) .

(N isanormalization stimulus whose chromaticity coordinates in the new
representation satisfy v, #0 (k=1 2, 3)).

The derivation of the above formulae is given in the same paper® as the
transformation equationsin Appendix A.

Appendix D: Interpolation

In the present paper, spectral tristimulus values of monochromatic stimuli are
interpolated by fitting third order polynomial curves between successive data points.
Assuming that the original CMF srefer to primaries U, (i =1, 2, 3) , and letting U, ,
(i=1 2, 3) denote the spectral tristimulus values of a monochromatic stimulus of
wavelength A, the corresponding spectral chromaticity coordinates are derived by
means of the definition formulae
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U,
3
>u,
|=

1

(i=123). (D.1)

U, =

Spectral chromaticity coordinates Vig (J =1 2, 3) referring to any other primaries
V; (1 =12, 3) arecdculated by means of the above formulae together with the

projective transformation given in Eq. (A.2). To emphasize that in these cases T,
transforms purely between sets of spectral chromaticity coordinates, theindex Q is
here replaced by A.

If u(A) (i=1 2, 3) denotesthe set of continuoudly interpolated CMF's, the
corresponding continuous spectral chromaticity coordinate functions describing the
spectrum locus are analogously defined by the equations

u () = () (i=1223). (D.2)

To create a set of continuously interpolated spectral chromaticity coordinate functions
in arepresentation referring to new primaries V,; (j =1, 2, 3) , the spectral
chromaticity coordinate functions u, (A) (i =1 2, 3) defined above are transformed
into new functions v, (A) (j =12, 3) by meansof aprojective transformation
analogousto the one given in Appendix A — i.e., the transformation obtained by
replacing the coordinates u, (i=12,3) and v, (=1 2 3) inEq. (A.2) by the
interpolation functions u; (A) (i=12,3) and v;(A) (j=1 2 3), respectively.
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Appendix E: Tables
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